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Case-III: When φ(x, y) = xmyn .
Then

P.I. =
1

F (D,D′)
xmyn = [F (D,D′)]−1 = xmyn.

which is evaluated by expanding [F (D,D′)]−1 in ascending
powers of D/D′ or D′/D as the case may be.
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Example

Solve the PDE s+ p− q = z + xy.

The given equation can be rewritten as
(DD′ +D −D′ − 1)z = xy =⇒ (D − 1)(D′ + 1)z = xy.
The complementary function (C.F.) is

exf1(y) + e−yf2(x), where f1 and f2 are arbitrary function.

Now

P.I. =
1

F (D,D′)
xmyn =

1

(D − 1)(D′ + 1)
xy.
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= − 1

(1−D)(1 +D′)
xy =⇒ −(1−D)−1(1 +D′)−1xy.

= −
[
1 +D +D2 + ...

] [
1−D′ +D′2 − ...

]
xy.

= −
[
1 +D +D2 + ...

] [
xy −D′(xy) +D′2(xy)− ...

]
.

= −
[
1 +D +D2 + ...

]
(xy − x) .

= −
[
(xy − x) +D (xy − x) +D2 (xy − x) + ...

]
.

= − [(xy − x) + (y − 1)] .

= −xy + x− y + 1.
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Therefore the required solution is

z = exf1(y) + e−yf2(x)− xy + x− y + 1.
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Example

Solve the PDE r − s+ p = 1.

The given equation can be rewritten as
(D2 −DD′ +D)z = 1 =⇒ D(D −D′ + 1)z = 1.
The complementary function (C.F.) is

f1(y) + e−xf2(y + x), where f1 and f2 are arbitrary function.
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Now

P.I. =
1

F (D,D′)
xmyn =

1

D(D −D′ + 1)
.1

=
1

D
(1 +D −D′)−1.1 =⇒

1

D

[
1− (D −D′) + (D −D′)2 − ...

]
.1

=
1

D
.1 =⇒ = x

Therefore the required solution is

z = f1(y) + e−xf2(x+ y) + x.
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Example

Solve the PDE D(D+D′−1)(D+3D′−2)z = x2−4xy+2y2

The given equation is has reducible factor. Therefore, the
complementary function (C.F.) is

f1(y) + exf2(y − x) + e2xf3(y − 3x), where f1,f2 and f3 are
arbitrary function.
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Now

P.I. =
1

F (D,D′)
(x2 − 4xy + 2y2) =

1

2D
(1− (D +D′)−1)

{
1− D + 3D′

2

}−1
(x2 − 4xy + 2y2)

=
1

2D

{
1 + (D +D′) + (D +D′)2 + ...

}{
1 +

D + 3D′

2
+

(
D + 3D′

2

)2

+ ...+

}
(x2−

4xy + 2y2)

=
1

2D

{
1 + (D +D′) + (D +D′)2 +

D + 3D′

2
+

(
D + 3D′

2

)2

+

(D +D′)(D + 3D′)

2
...

}
(x2 − 4xy + 2y2)
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=
1

2D

{
x2 − 4xy + 2y2 − 7x+ 4y +

1

2

}
.

=
1

2

{
x3

3
− 2x2y + 2y2x− 7x2

2
+ 4xy +

x

2

}
.

Therefore the required solution is

z = f1(y) + exf2(y − x) + e2xf3(y − 3x) +
1

2

{
x3

3
− 2x2y + 2y2x− 7x2

2
+ 4xy +

x

2

}
.
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Exercise

Solve the following PDE:

(1) (D +D′ − 1)(D + 2D′ − 3)z = 4 + 3x+ 6y Ans.
z = exf1(y − x) + e3xf2(y − 2x) + 6 + x+ 2y

(2) (D2 −D′2 − 3D+ 3D′)z = xy Ans. z = f1(y+ x) +
e3xf2(y − x)− (1/6)x2y − (x2/9)− (2x/27)− (x3/18).

(3) r − t+ p+ 3q − 2 = x2y Ans. z = e−2xf1(y + x) +
exf2(y − x)− (4x2y + 4xy + 6x2 + 6y + 12x+ 21)/8.
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Case-IV: When φ(x, y) = V eax+by, where V is a ny function
of x and y.
Then

P.I. =
1

F (D,D′)
V eax+by = eax+by 1

F (D + a,D′ + b)
V.

Example

Solve the PDE (D2 −D′)z = xeax+a2y.

Solution: The given equation can not be written as linear
factors. Hence it’s complementary function (C.F.) is taken as a
trial solution

z =
∑
Aehx+ky.
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So that D2z =
∑
Ah2ehx+ky and D′z =

∑
Akehx+ky. By

Putting these values in given equation (D2−D′)z = 0, we have∑
Ah2ehx+ky−

∑
Akehx+ky = 0 =⇒

∑
A(h2−k)ehx+ky = 0.

h2 − k = 0 =⇒ k = h2.

Hence

C.F. =
∑
Aehx+h2y.
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P.I. =
1

F (D,D′)
φ(x, y) =

1

(D2 −D′)
xeax+a2y =

eax+a2y 1

((D + a)2 − (D′ + a2)
x

= eax+a2y 1

D2 + 2aD −D′
x = eax+a2y 1

2aD

1

1 +

(
D2 −D′

2aD

)x

= eax+a2y 1

2aD

[
1 +

(
D2 −D′

2aD

)]−1
x
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= eax+a2y 1

2aD

[
1−

(
D2 −D′

2aD

)
+

(
D2 −D′

2aD

)2

− ...

]
x

= eax+a2y 1

2aD

[
x−

(
D

2a
x− D′

2aD
x

)
+ ...

]

= eax+a2y 1

2aD

[
x− 1

2a

]
=⇒ = eax+a2y 1

2a

[
x2

2
− 1

2a
x

]
Hence the required solution is

z =
∑
Aehx+h2y + eax+a2y

[
x2

4a
− x

4a2

]
.
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2aD
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(
D2 −D′

2aD

)
+

(
D2 −D′

2aD

)2

− ...
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x

= eax+a2y 1
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(
D

2a
x− D′

2aD
x
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]

= eax+a2y 1
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2a

]
=⇒ = eax+a2y 1

2a

[
x2

2
− 1

2a
x

]
Hence the required solution is

z =
∑
Aehx+h2y + eax+a2y

[
x2

4a
− x

4a2

]
.
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Example

Solve the PDE (D − 3D′ − 2)2z = 2e2x sin(y + 3x)

The given equation is has reducible factor. Therefore, the
complementary function (C.F.) is

e2x [f1(y + 3x) + xf2(y + 3x)], where f1 and f2 are arbitrary
function.
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Now

P.I. =
1

F (D,D′)
φ(x, y) =

1

(D − 3D′ − 2)2
2e2x sin(y + 3x)

=
1

(D − 3D′ − 2)2
2e2x+0y sin(y + 3x) =⇒

2e2x+0y 1

((D + 2)− 3(D′ + 0)− 2)2
sin(y + 3x

= 2e2x
1

(D − 3D′)2
sin(y + 3x) =⇒ 2e2x

x2

122!
sin(y + 3x)

Hence the required solution is

z = e2x [f1(y + 3x) + xf2(y + 3x)] + 2e2x
x2

122!
sin(y + 3x).
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Exercise

Solve the following PDE:

(1) (3D2 − 2D′2 +D − 1)z = 4ex+y cos(x+ y) Ans.
z =

∑
Aehx+ky + (4/3)ex+y sin(x+ y), where h and k

are related by 3h2 − 2k2 + h− 1.

(2) (D − 3D′ − 2)2z = 2e2x tan(y + 3x) Ans.
z = e2xf1(y + 3x) + xf2(y + 3x) + x2e2x tan(y + 3x).

(3) r − 3s+ 2t− p+ 2q = (2 + 4x)e−y Ans.
z = f1(y + 2x) + exf2(y + x) + x2e−y.
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Case-V: When φ(x, y) = eax+by and F (a, b) = 0.
Then

P.I. =
1

F (D,D′)
eax+by =

1

F (D,D′)
eax+by.1 =

eax+by 1

F (D + a,D′ + b)
.x0y0
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Example

Solve the PDE (D2 −D′)z = ex+y.

Solution: The given equation can not be written as linear
factors. Hence it’s complementary function (C.F.) is taken as a
trial solution

z =
∑
Aehx+ky.

So that D2z =
∑
Ah2ehx+ky and D′z =

∑
Akehx+ky.By

Putting these values in given equation (D2−D′)z = 0, we have
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∑
Ah2ehx+ky−

∑
Akehx+ky = 0 =⇒

∑
A(h2−k)ehx+ky = 0.

h2 − k = 0 =⇒ k = h2.

Hence

C.F. =
∑
Aehx+h2y.
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P.I. =
1

F (D,D′)
φ(x, y) =

1

(D2 −D′)
ex+y.1 =

ex+y 1

((D + 1)2 − (D′ + 1)
.1

= ex+y 1

D2 + 2D −D′
.1 = ex+y 1

2D

1

1 +

[(
D2 −D′

2D

)] .1

= ex+y 1

2D

[
1 +

(
D2 −D′

2D

)]−1
.1
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= ex+y 1
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[
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2D

)
+

(
D2 −D′

2D

)2

− ...

]
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D

2
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.1
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+ ...
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1

2

)
x
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Hence the required solution is

z =
∑
Aehx+h2y +

x

2
ex+y.
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Exercise

Solve the following PDE:

(1) (D2 −D′2 − 3D + 3D′)z = ex+2y Ans.
z = f1(y + x) + e3xf2(y − x)− xex+2y.

(2) (D2−D′)z = e2x+y Ans. z =
∑
Aehx+h2y − 1

3
e2x+y

(3) r − 4s+ 4t+ p− 2q = ex+y Ans.
z = f1(y + 2x) + e−xf2(y + 2x)− xex+y.
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Thanks !!!
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