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TR a function of two variables x and y in the form
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Classification of second order partial differential equations

LNJPIT,
Chapra Consider a general second order partial differential equation for

[P a function of two variables x and y in the form

Rr+ Ss+Tt+ f(z,y,2,p,q) =0,

here 0z 0z 0%z 0%z ’ 0%z Also R

wherep=—,q=—r=_-—55=—t=_—=. ,
P= 5z 1 oy 0x2 Oxdy Oy?

S and T are continuous functions of x and y only possessing

partial derivatives defined in a domain D on the (xz — y) plan.
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i Then the given equation is said to be

e Hyperbolic at a point (z,y) in domain D if S? — 4RT > 0
e Parabolic at a point (z,y) in domain D if S2 —4RT =0
e Elliptic at a point (z,y) in domain D if S2 —4RT < 0
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i Classify the following partial differential equation
; 9%z 92z
Introduction ]_ _—
ox? 0y
02z 0%z 0%z
2. 2—+ —+3— =2
Ox? * Oxdy * Oy?
3. (zy— Dr —2(z?y?> — 1)s — (zy + V)t +azp+yg=0
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Solution (1.) The given equation can be written as r — ¢t = 0.
i Comparing the given equation with

Introduction Rr + S's +Tt+ f(x; Y,z2,p, Q) = O'
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Solution (1.) The given equation can be written as r — ¢t = 0.
i Comparing the given equation with

Introduction Rr+ Ss+Tt+ f(;p,y’ Z, D, q) =0,
We have R=1, S=0and T = —1.
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Solution (1.) The given equation can be written as r — ¢t = 0.
i Comparing the given equation with

Introduction Rr + S's +Tt+ f(x; Y,z2,p, Q) = O'

We have R =1, S =0 and T' = —1.Put these values in
S? —ART = (0)2 — 4.(1)(—-1)
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Solution (1.) The given equation can be written as r — ¢t = 0.
i Comparing the given equation with

Introduction Rr + S's +Tt+ f(x; Y,z2,p, Q) = O'

We have R =1, S =0 and T' = —1.Put these values in
S? —ART = (0)2 —4.(1)(-1) = S? —4RT =4>0.
Therefore the given equation is hyperbolic.
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Solution (2.) The given equation can be written as
Chapeal 2 +s5+3t—2=0.
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Solution (2.) The given equation can be written as
i 2r + s + 3t — 2 = 0.Comparing the given equation with

Introduction Rr + S's +Tt+ f(x; Y,z2,p, Q) = O'
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Solution (2.) The given equation can be written as
i 2r + s + 3t — 2 = 0.Comparing the given equation with

Introduction Rr+ Ss+Tt+ f(;p, Y, 2, D, q) =0,
We have R=2, S=1and T = 3.
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Solution (2.) The given equation can be written as
i 2r + s + 3t — 2 = 0.Comparing the given equation with

Introduction Rr + S's +Tt+ f(x; Y,z2,p, Q) = O'

We have R =2, S =1 and T = 3. Put these values in
S? —ART = (1)% — 4.(2)(3)
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Solution (2.) The given equation can be written as
i 2r + s + 3t — 2 = 0.Comparing the given equation with

Introduction Rr + S's +Tt+ f(x; Y,z2,p, Q) = O'

We have R =2, S =1 and T = 3. Put these values in
S? —ART = (1)2 - 4.(2)(3) = S? —4RT = —23 < 0.
Therefore the given equation is elliptic.
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Solution (3.) Comparing the given equation with

Rr+ Ss+Tt+ f(z,y,2,p,q) =0,

We have R = (zy — 1),5 = —2(2%y? — 1)
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Rr+ Ss+Tt+ f(z,y,2,p,q) =0,
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We have R = (zy — 1),S = —2(z%y* — 1) and T = —(zy + 1).
Put these values in

Introduction

S2 _ART
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Rr+ Ss+Tt+ f(z,y,2,p,q) =0,
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We have R = (zy — 1),S = —2(z%y* — 1) and T = —(zy + 1).
Put these values in

Introduction

8% —4RT = (—2(2?y* — 1))* — 4.((zy — 1)).(~(zy + 1))
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Rr+ Ss+Tt+ f(z,y,2,p,q) =0,
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We have R = (zy — 1),S = —2(z%y* — 1) and T = —(zy + 1).
Put these values in

Introduction

S? —ART = (—2(2*y* — 1)) —4.((zy — 1)) .(~(zy + 1)) =
A(2%y® = 1)) + 4.((a%? - 1))
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Rr+ Ss+Tt+ f(z,y,2,p,q) =0,
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Chapra

We have R = (zy — 1),S = —2(z%y* — 1) and T = —(zy + 1).
Put these values in

Introduction

S? —ART = (—2(2*y* — 1)) —4.((zy — 1)) .(~(zy + 1)) =
A(2%y® = 1)) + 4.((a%? - 1))

S? — ART = 42%y?(z%y® - 1).
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Case-1: Either x =0 or y = 0 or both x = y = 0. In this case
LNJPIT, S? — 4RT = 0, hence given equation is parabola.
Case-2: If zy = +1,
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Case-1: Either x =0 or y = 0 or both x = y = 0. In this case
LNJPIT, S? —4RT = 0, hence given equation is parabola.
Case-2: If zy = £1, then in this case S2 _ART =0,
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Case-1: Either x =0 or y = 0 or both x = y = 0. In this case
S? — 4RT = 0, hence given equation is parabola.
Case-2: If zy = £1, then in this case S2 — 4RT = 0,hence

given equation is parabola.
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S Case-1: Either x =0 or y = 0 or both = y = 0. In this case
Pl S? — 4RT = 0, hence given equation is parabola.
Case-2: If zy = £1, then in this case S2 — 4RT = 0,hence
Introduction given equation is parabola.

Case-3: If 22y% > 1,
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Pl S? — 4RT = 0, hence given equation is parabola.
Case-2: If zy = £1, then in this case S2 — 4RT = 0,hence
Introduction given equation is parabola.

Case-3: If 2232 > 1, then in this case S? —4RT > 0,
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Case-1: Either x =0 or y = 0 or both x = y = 0. In this case
Pl S? — 4RT = 0, hence given equation is parabola.
Case-2: If zy = £1, then in this case S2 — 4RT = 0,hence
Introduction given equation is parabola.
Case-3: If x2y2 > 1, then in this case S%2 — 4RT > 0,hence
given equation is hyperbola.
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S Case-1: Either x =0 or y = 0 or both = y = 0. In this case
Pl S? — 4RT = 0, hence given equation is parabola.

Case-2: If zy = £1, then in this case S2 — 4RT = 0,hence
Introduction given equation is parabola.
Case-3: If x2y2 > 1, then in this case S%2 — 4RT > 0,hence
given equation is hyperbola.
Case-4: If 22y < 1,
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S Case-1: Either x =0 or y = 0 or both = y = 0. In this case
Pl S? — 4RT = 0, hence given equation is parabola.

Case-2: If zy = £1, then in this case S2 — 4RT = 0,hence
Introduction given equation is parabola.
Case-3: If x2y2 > 1, then in this case S%2 — 4RT > 0,hence
given equation is hyperbola.
Case-4: If 22y% < 1, then in this case S? — 4RT < 0,
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S Case-1: Either x =0 or y = 0 or both = y = 0. In this case
Pl S? — 4RT = 0, hence given equation is parabola.

Case-2: If zy = £1, then in this case S2 — 4RT = 0,hence
Introduction given equation is parabola.
Case-3: If x2y2 > 1, then in this case S%2 — 4RT > 0,hence
given equation is hyperbola.
Case-4: If z%y? < 1, then in this case S? — 4RT < 0,hence

given equation is elliptic.
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Classify the partial differential equation
L(l:\liJPIT. 82u 4t 82u 4 maQU, 4 28u n au + 6u 0
l(lpl’(l —_— — —_— —_ —_— = )
OxOot Ox? ot Ox
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Example ((AKU-CE-11,2019))

Classify the partial differential equation
@+t&+$@+2@+@+6u—0
ot? OxOot Ox? ot Ox -

Solution: Comparing the given equation with

Rr+ Ss+Tt+ f(x,y,2,p,q) =0,
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Example ((AKU-CE-11,2019))

Classify the partial differential equation
@+t&+$@+2@+@+6u—0
ot? OxOot Ox? ot Ox -

Solution: Comparing the given equation with
Rr+ Ss+Tt+ f(x,y,2,p,q) =0,
We have R=2, S=tand T = 1.
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Example ((AKU-CE-11,2019))

Classify the partial differential equation
@+t&+$@+2@+@+6u—0
ot? OxOot Ox? ot Ox -

Solution: Comparing the given equation with
Rr+ Ss+Tt+ f(x,y,2,p,q) =0,
We have R =z, S =t and T = 1.Put these values in

S? —ART = (t)? — 4.(z).(1) = S? —4RT =t? — 4x.
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Case-1: If x = t2/4, then in this case S2 — 4RT = 0,
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e Case-1: If x = t2/4, then in this case S2 — 4RT = 0,hence
given equation is parabola.

Chapra

Introduction
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e Case-1: If x = t2/4, then in this case S2 — 4RT = 0,hence
given equation is parabola.
Introduction Case-2: If z < t2/4,
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e Case-1: If x = t2/4, then in this case S2 — 4RT = 0,hence
given equation is parabola.
Introduction Case-2: If z < t2/4, then in this case S2 — 4RT > 0,

Chapra
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Case-1: If x = t2/4, then in this case S2 — 4RT = 0,hence

given equation is parabola.
Case-2: If z < t2/4, then in this case S2 — 4RT > 0,hence

LNJPIT,
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given equation is hyperbola.
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e Case-1: If x = t2/4, then in this case S2 — 4RT = 0,hence
Chapra given equation is parabola.
Introduction Case-2: If z < t2/4, then in this case S2 — 4RT > 0,hence
given equation is hyperbola.
Case-3: If z > t?/4,
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e Case-1: If x = t2/4, then in this case S2 — 4RT = 0,hence
Chapra given equation is parabola.
Introduction Case-2: If z < t2/4, then in this case S2 — 4RT > 0,hence
given equation is hyperbola.
Case-3: If 2 > t?/4,then in this case S — 4RT < 0,
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e Case-1: If x = t2/4, then in this case S2 — 4RT = 0,hence
Chapra given equation is parabola.
Introduction Case-2: If z < t2/4, then in this case S2 — 4RT > 0,hence
given equation is hyperbola.
Case-3: If z > t2/4,then in this case S? — 4RT < 0,hence
given equation is elliptic.
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Example ((AKU-CE-11,2019))

The region in which the following partial differential equation
x@+362 —1—2782 + 5u = 0.
Ox? 0x0y oy? N
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Example ((AKU-CE-11,2019))

The region in which the following partial differential equation
0%u 0%u 0%u

3
— +3 27— + 5u = 0.
¥ or2 + Oxdy + Oy? +ou

Solution: Comparing the given equation with

Rr+ Ss+Tt+ f(z,y,2,p,q) =0,
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Example ((AKU-CE-11,2019))

The region in which the following partial differential equation
0%u 0%u 0%u

3
— +3 27— + 5u = 0.
¥ or2 + Oxdy + Oy? +ou

Solution: Comparing the given equation with

Rr+ Ss+Tt+ f(z,y,2,p,q) =0,

We have R=23, S =3 and T = 27.
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Introduction

Example ((AKU-CE-11,2019))

The region in which the following partial differential equation
0%u 0%u 0%u

27— + 5u = 0.
Ox? 8:1:8y+ Oy? +ou

Solution: Comparing the given equation with
Rr+ Ss+Tt+ f(z,y,2,p,q) =0,
We have R = 3, S = 3 and T = 27.Put these values in

S? —ART = (3)% — 4.(23).(27)
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Introduction

Example ((AKU-CE-11,2019))

The region in which the following partial differential equation
0%u 0%u 0%u

3
— +3 27— + 5u = 0.
¥ or2 + Oxdy + Oy? +ou

Solution: Comparing the given equation with
Rr+ Ss+Tt+ f(z,y,2,p,q) =0,
We have R = 3, S = 3 and T = 27.Put these values in

S%2 —ART = (3)? — 4.(2%).(27) = S? —4RT =9 — 108z5.
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S? — 4RT = 0,hence given equation is parabola.
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. Case-1: If z = (1/12)1/3, then in this case
S? — 4RT = 0,hence given equation is parabola.
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5?2 — 4RT > 0,hence given equation is hyperbola.
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. Case-1: If x = (1/12)1/3, then in this case
Chapra S? — 4RT = 0,hence given equation is parabola.
Introduction Case-2: If z < (1/12)'/3,then in this case
5?2 — 4RT > 0,hence given equation is hyperbola.
Case-3: If z > (1/12)'/3,then in this case
S? —4RT <0,
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. Case-1: If z = (1/12)1/3, then in this case
Chapra S? — 4RT = 0,hence given equation is parabola.
Introduction Case-2: If z < (1/12)'/3,then in this case
5?2 — 4RT > 0,hence given equation is hyperbola.
Case-3: If z > (1/12)'/3,then in this case
S? — 4RT < 0,hence given equation is elliptic.
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0%z 0%z

1) — 4+ =5 =

(1.) Oz? * 0y?
0%z 0%z 0%z

2) — +4—— —
(2) 8x2+ 8x8y+ Oy?

Introduction

0.

=0.

(3.) wyr — (x® —y?)s — xyt + py — qv = 2(2* — )
(4) 2*(y—)r—z@®—)s+yly— 1)t +azyp—q=0
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