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Laplace’s Equation in spherical coordinates

If the given boundary problem involves spherical boundaries, we
use Laplace’s equation in spherical coordinates (r, θ, φ).

Example

Transform the Laplace’s equation
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= 0 into

polar coordinates (r, θ, φ).
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Solution: If (x, y, z) be the Cartesian coordinate’s of the
point P whose spherical coordinates are (r, θ, φ), then

x = r sin θ cosφ y = r sin θ sinφ

and z = r cos θ (1)

From (1)

r2 = x2 + y2 + z2, tan θ =
(x2 + y2)1/2

z

and tanφ =
y

x

r2 = x2 + y2 + z2, θ = tan−1

(
(x2 + y2)1/2

z

)
and φ = tan−1

(y
x

)
(2)
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From (2)

2r
∂r

∂x
= 2x =⇒ ∂r

∂x
=
x

r
= sin θ cosφ, (3)

2r
∂r

∂y
= 2y =⇒ ∂r

∂y
=
y

r
= sin θ sinφ (4)

And

2r
∂r

∂z
= 2z =⇒ ∂r

∂z
=
z

r
= cos θ (5)

Also

∂θ

∂x
=

1

1 +

(
(x2 + y2)1/2

z

)2

(
1

z

1

2

1

(x2 + y2)1/2
2x

)

=
cos θ cosφ

r
, (6)
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∂θ

∂y
=

cos θ sinφ

r
, and

∂θ

∂z
= −sin θ

r
(7)

And

∂φ

∂x
= − sinφ

r sin θ
, and

∂φ

∂y
=

cosφ

r sin θ
and

∂φ

∂z
= 0

(8)
Now

∂u

∂x
=
∂u

∂r

∂r

∂x
+
∂u

∂θ

∂θ

∂x
+
∂u

∂φ

∂φ

∂x

=⇒ ∂u

∂x
= sin θ cosφ

∂u

∂r
+

cos θ cosφ

r

∂u

∂θ
− sinφ

r sin θ

∂u

∂φ

=⇒ ∂

∂x
= sin θ cosφ

∂

∂r
+

cos θ cosφ

r

∂

∂θ
− sinφ

r sin θ

∂

∂φ
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∂2u
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2 sin θ cos θ cos2 φ
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∂r∂θ

−2 sin θ cos θ cos2 φ

r2
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∂θ
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∂2u
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r2
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∂r

+
cos2 θ cos2 φ

r2
∂2u

∂θ2
− 2 cos θ sinφ cosφ

r2 sin θ

∂2u

∂θ∂φ
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∂u

∂φ
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∂2u

∂z2
= cos2 θ

∂2u

∂r2
− 2 sin θ cos θ

r

∂2u

∂r∂θ
+

2 sin θ cos θ

r2
∂u

∂θ
(11)

+
sin2 θ

r
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∂r
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sin2 θ

r2
∂2u

∂θ2
.

Adding (9), (10) and (11)

∂2u
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+
∂2u

∂y2
+
∂2u

∂z2
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∂2u

∂r2
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2

r
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∂r
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1

r2
∂2u

∂θ2
+
cot θ

r2
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∂θ
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1

r2 sin2 θ

∂2u

∂φ2
.

Hence Laplace equation in spherical coordinates is
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2
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+
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cot θ
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+
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r2 sin2 θ

∂2u

∂φ2
= 0
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Thanks !!!
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