Lok Nayak Jai Prakash Institute of Technology
Chapra, Bihar-841302

g Mathematics-1l (Differential Equations)
- Lecture Notes
April 20, 2020

by

Dr. G.K.Prajapati
Department of Applied Science and Humanities

LNJPIT, Chapra, Bihar-841302

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...



function ...

FUNCTIONS OF A COMPLEX VARIABLE: f(z) is a

Dr. G.K.

Pl function of a complex variable z and is denoted by w.

LNJPIT,
Chapra

NEIGHBORHO

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...



function ...

FUNCTIONS OF A COMPLEX VARIABLE: f(z) is a

Dr. G.K.

Pl function of a complex variable z and is denoted by w.

Chapra w = f(z)

NEIGHBORHO

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...



function ...

FUNCTIONS OF A COMPLEX VARIABLE: f(z) is a

Dr. G.K.

Pl function of a complex variable z and is denoted by w.

LNJPIT,
Chapra

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...



function ...

R FUNCTIONS OF A COMPLEX VARIABLE: f(z) is a
Rlaigpaty function of a complex variable z and is denoted by w.
n w= f(2)

w=u-+ 1

where u and v are the real and imaginary parts of

f(2).

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...



function ...

R FUNCTIONS OF A COMPLEX VARIABLE: f(z) is a
Rlaigpaty function of a complex variable z and is denoted by w.
n w= f(2)

w=u-+ 1

where u and v are the real and imaginary parts of
f(z). NEIGHBORHOOD OF % :

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...



function ...

R FUNCTIONS OF A COMPLEX VARIABLE: f(z) is a
Rlaigpaty function of a complex variable z and is denoted by w.
n w= f(2)

w=u-+ 1

where u and v are the real and imaginary parts of

f(z). NEIGHBORHOOD OF % :Let 2 is a point in the
on complex plane and let z be any positive number, then the set
of points z such that

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...



function ...

R FUNCTIONS OF A COMPLEX VARIABLE: f(z) is a
Rlaigpaty function of a complex variable z and is denoted by w.
n w= f(2)

w=u-+ 1

where u and v are the real and imaginary parts of

f(z). NEIGHBORHOOD OF % :Let 2 is a point in the
on complex plane and let z be any positive number, then the set

of points z such that

|z — 20| < €

ob is called e—neighbourhood of zj.
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LIMIT: Let f(z) be a single valued function defined at all
points in some neighbourhood of point zy. Then f(z) is said to
have the limit [ as z approaches 2y along any path if given an
arbitrary real number € > 0, however small there exists a real
number 6 > 0, such that
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i.e. for every z # zj in d-disc (dotted) of z-plane, f(z) has a
value lying in the e-disc of w-plane.

In symbolic form, lim f(z)=lI.
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Note: (1) § usually depends upon e.
(I) z — zo implies that z approaches zj along any path.
The limits must be independent of the manner in which z

approaches zg If we get two different limits as z — 2 along

two different paths then limits does not exist.
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z—1—1
Solution:

lim

0D z—1—i 21
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2=0 IZI ) ol00) V22 +y2
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T+ imx . 1+im 1+tm
=lim —— = lim =
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. VA .
Show that lim — does not exist.

z—>0‘Z|
x—i—zy
Solution: lim —
2=0 IZI ) ol00) V22 +y2
Let y = mux,
T+ imx . 1+im _ 1+tm

im ——————= = lim =
220 /22 4+ (mz)2 =20 /14 (m)2  V1+m?

1
The value of LmQ are different for different value of m.
+m
Hence the limit does not exist.

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...



function ...

Dr. G.K.
Prajapati Exa m ple

. z .
AT, Show that lim — does not exist.
z—0 2z

Chapra

Dr. G.K. Prajapati LNJPIT, Chapra Complex functi



function ...

Dr. G.K.
Prajapati

Example

. z .
AT, Show that lim — does not exist.
z—0 2z

Solution: Case-1.

Chapra

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...



function ...

Dr. G.K.

Prajapati Example

. z .
AT, Show that lim — does not exist.
z—0 2z

Solution: Case-1.
T 4y

Chapra

im -
(#,y)—(0,0) T — 1Y

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...


Lenovo
Highlight


function ...

Dr. G.K.
Prajapati

LNJPIT,
Chapra

. z .
Show that lim — does not exist.

z—0 2
Solution: Case-1.
.2 : r+iy . . z+iy
lim — = lim —~ = lim |lim ——=
2—0 2 (z,9)—(0,0) x — 1y =0 |y—=0 2 — 1Y

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...



function ...

Dr. G.K.
Prajapati

LNJPIT,
Chapra

. z .
Show that lim — does not exist.

z—0 2
Solution: Case-1. ‘
.z . T 4y . . Tty .z
lim — = lim ——~ = lim |lim ——=| = lim —
2—0 2 (z,9)—(0,0) x — 1y =0 |y—=0 2 — 1Y z—=0 I

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...



function ...

Dr. G.K.
Prajapati Exa m ple

. z .
AT, Show that lim — does not exist.
z—0 2z

Solution: Case-1.

Chapra

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...



function ...

Dr. G.K.
Prajapati Exa m ple

. z .
AT, Show that lim — does not exist.
z—0 2z

Solution: Case-1.

Chapra
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lim — = lim — = lim |lim ——~| = lim — =
2—0 2 (z,9)—(0,0) x — 1y =0 |y—=0 2 — 1Y z—=0 I

T+ 1y
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z—0 2z

Solution: Case-1.
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. T+ 1y T 4y . T
lim — = im —~ = lim | lim - =lim—=1
2—0 2 (z,9)—(0,0) x — 1y =0 |y—=0 2 — 1Y z—=0 I
Again Case-2. lim = lim W
z2=0 z (9«",11)%(0 0T —1y
fm [limx+z,y] —lim Y= 1
y—0 |z—=0 & — 1y y—0 —zy

As z — 0 along two different paths, we get different limits.
Hence the limit does not exist.

oD
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Show that the limit does not exist

. Im(z)? .z . Re(2)?
P Rer e Y M0
Find the limit of the following

Re(2)? ) 223
oD
5. 213}) ] Ans. 0 6. ZEIIXL Tm(e)? Ans. 2(—1+1)
2

7. lim GBI Ans. 3/2.

H022+2z+2
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NPT to be continuous at the point zq if for any given positive
Chapra number €, we can find a number § such that |f(z) — f(z0)| < €
for all points z of the domain satisfying

|z — 20| <O
on f(z) is said to be continuous at z = 2 if

lim f(2) = f(20)

z—0
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23 —i2 42—

Z—1
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Solution:

lim f(z) =

zZ—1

Dr. G.K. Prajapati

202242 —1

lim -
z—1 zZ—1
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2 . .
_ 1z —
lim f(z) = lim - = lim = (2 =) +. (2= 9)
Lé\:IJIFI’)'I z2—1 z2—1 zZ—1 21 Z—1
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lim ¥ TE ) ) H
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Il () =l Ty (2= +1z=i) _
C||(||)m. s z—=n Z — 7( 9 + 1)( zZ—1 ) z—1
lim #
Z2—0 zZ—1

=lim(z2+1)=0

Z—1
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lim £(» )_llmz3—zz2~l—z—z _ m‘z2(z—i)+.1(z—i)
zZ—1 zZ—1 Z—1 zZ—1 Zz—1
lim (22 + 1)(2 —1)
zZ—1 Z—1
=lim(z2+1)=0
Z—1
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Also, we have f(i) =
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_ _ _ 1(z —
hmf()—hmz iz —}—z z:imz(z z)+.(z z):
Lé\:J,FI)I,T' 2—i z—i zZ—1 ) z2—1 Z—1
1apra 1 _ .
i G D)
Z2—0 zZ—1

=lim(z2+1)=0

Z—1

" Also, we have f(@) =0. Thus
= lim f(z) = f(i)

Z—1

9% Hence f(z) is continuous at z = i.

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...



function ... EXa m ple

Dr. G.K.

Prajapati Show that the function f(z) defined by

LNJPIT, RB(Z)
Chapra —. 2z O
f=4 = 7

0, z=0

is not continuous at z = 0.
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is not continuous at z = 0.

oo Solution:Here

lim f(2)

z—0
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oo Solution:Here
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Prajapati Show that the function f(z) defined by

LNJPIT, RB(Z)
Chapra ,
fR)=q =

z#0

is not continuous at z = 0.

oo Solution:Here

lim f(z) = lim = lim x — =
z—0 z=0  z (z,y)—(0,0) T + 1y

. T
=lim—-—=1
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(z,y)—(0,0) T + 1Y
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z—0 z2—0

y—0

lim [lim
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z—0 z—0 (z,y)—(0,0) T + 1y

y—0

lim [lim x] ] 0

; =lim —— =
z—0 x + 1y y—0 0+ 2y
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o lim f(z) = lim e(z) = lm =
z—0 z=0  z (z,y)—(0,0) T + 1Yy
. . x . 0
lim [hm ] = lim —— =
y—0 |z—=0 2 + 1y y—0 0 + Y

oo AS lir% for two different paths, limit have two different values.
zZ—
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R
lim f(z) = lim e(z) = lim A
2—0 =0  Zz (2,y)—(0,0) T + 1Y

. . . 0
lim | lim - = lim — =
y—=0 |z—=0 2 + 1y y—0 0 + Y

oo AS lir% for two different paths, limit have two different values.
zZ—

So the limit does not exist. Thus f(z) is not continuous at
z=0.
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' Examine the continuity of the following functions

I
m(z) 240
(1) fz) =9 7] at 2 = 0.
0, z2=0
Ans. Not Continuous
2243244 ,
(2) f(Z) = 227_’_2 atz=1—1 AnS.
Continuous

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...



function ...

Dr. G.K.

Prajapati DIFFERENTIABILITY:

raeie Let f(z) be a single valued function of the variable z, then

f/(Z) — lim f(z—i—éz) _f(z)

62—0 0z
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Dr. G.K.

Prajapati DIFFERENTIABILITY:

raeie Let f(z) be a single valued function of the variable z, then

f/(Z) — lim f(z—i—éz) _f(z)

62—0 0z

provided that the limit exists and is independent of the path
along which dz — 0. Let P be a fixed point and () be a

neighbouring point. The point ) may approach P along any

straight line or curved path.
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Then discuss ﬁ at z = 0.

dz
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| = [ s
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But along y = 2

£ o f) = f0)

—l%z—z%hxuy?)

lim [2333(333)] _ ¢t
( _ ¢

z—0 | (28 4 (23)?)

d
9% In different paths we get different values of d—f i.e. 0 and
z

Dr. G.K. Prajapati LNJPIT, Chapra Complex function ...



function ...

Dr. G.K.
Prajapati

But along y = 2

Chapra’ o S = f0)
= lm = —— =l {(m6+y2)
I —ix3(x3) i

d
9% In different paths we get different values of d—f i.e. 0 and
z

—§.In such a case, the function is not differentiable at z = 0.
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Prove that the function f(z) = |2|? is continuous everywhere
but no where differentiable except at the origin.
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Thanks
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