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LNJPIT,
Chapra Transformation: For every point (z,y) in the z-plane, the

relation w = f(z) defines a corresponding point (u,v) in the

sy w-plane. We call this transformation or mapping of z-plane
into w-plane. If a point zy maps into the point wg, wy is also
known as the image of z.
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Freiapa Transform the rectangular region ABCD in z-plane bounded
LNJPIT, by x =1,z =3; y =0 and y = 3. Under the transformation

Chapra w =2z + (2 —|— Z)

Solution: Here

w = z+4+(241)
= u+tiv = z+iy+ (2+1)
= (z+2)+i(y+1)

By equating real and imaginary quantities, we have u = x + 2
and v =y + 1.
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Dr. G.K. UZX+2 V:y+1
Prajapati =1 + 2 — 3 = 0 + ]_ = ].
LNJPIT, =3+2=5 =3+1=4

Chapra

Here the lines x = 1,2 = 3; y = 0 and y = 1 in the z-plane are
transformed onto the line u = 3,4 = 5;v =1 and v =4 in the
w-plane. The region ABCD in z-plane is transformed into the
region EFGH in w-plane.
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LNJPIT, Transform the curve 2 — y? = 4 under the mapping w = 22.

Chapra

Solution.
TRANSFORMA

w = 2°
— utiv = (z+iy)?
= 22—y + 2ixy

This gives u = 22 — y? and v = 2zy.
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Conformal

Mapping. . Table of (x, y) and (u, v)

Dr. G.K. X 2 25 3 3.5 4 45 5
Prajapati
0 +15 +22 29 +35 41 46
LNJPIT,
Chapra 4 4 4 4 4 4 4
v =2xy 0 +75 +132 +203 +28 +36.9 + 46
TRANSFORMA
Y v
s 50 [— (4, 46)
a - 40 |- 4, 36.9)
3l P (4, 28)
- (4, 20.3)
2 - 20 [~ 4,13.2)
1 10| 4, 7.5)
o o 1 1 1 1 1
X 1 2 3 6 u
i 10 |~ ( .5)
-2 o0 (4, -13.2)
-3 -30 &35
-4 —40 |— (4, 36.9)
5 50 |— w-plane (4.~ 46)
Y v

Image of the curve 22 — 3% = 4 is a straight line, u

= 4 parallel
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Conformal Let two curves (1, Cy in the z-plane intersect at the point Z
Mappine and the corresponding curve Cf, C5 in the w-plane intersect at
Prajarcti f(z0). If the angle of intersection of the curves at z in
z-plane is the same as the angle of intersection of the
pretl curves of w-plane at f(zp) in magnitude and sense, then
the transformation is called conformal.
If only the magnitude of the angle is preserved, transformation
is Isogonal.

TIO

CONFORMAL
TRANSFOR-
MATION

(z-plane) (u-plane)

Fig. 380. Curves C, and C; and their respective images
c% and €3 under a conformal mapping w = f(z)
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MATION

If f(2) is analytic, mapping is conformal.

Prove that an analytic function f(z) ceases to be conformal at
the points where f'(z) = 0.

Note 1. The point at which f’(z) = 0 is called a critical
point of the transformation.
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Dr. GK. y2
L If u =222+ y? and v = % , show that the curves

4
LNJPIT, u = constant and v = constant cut orthogonally at all

Chapra

intersections but that the transformation w = u + v is not
conformal.
ATION
NN Solution: For the curve, 222 + 2> = u
TRANSFOR-
MATION 2 2
22" 4+ y* = constant = c1(say) (1)

Differentiating (1), we get

dy dy —2x
r2yfl=0 = ="Lomey) @
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sl For the curve, = = constant = ¢ (say),
Dr. G.K. X

Prajapati

2 _
LNJPIT, y o C2$ (3)
Chapra
Differentiating (3), we get
dy dy ey 1
e yd:r @ de 2y = 2y 2x ma(say) (4)

MATION

For orthogonal, from equation (2) and (4), we have

= () ()

Hence, two curves cut orthogonally.
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2
du 4z, d—u:Qy, d—vz—y— and@:2—y
dy dx x2 dy

ATION

CONFORMAL 1 1 1<fi
Ao The Cauchy-Riemann equations are not satisfied by v and v.

MATION Hence, the function u + iv is not analytic. So, the
transformation is not conformal.
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LNJPIT,
Chapra For the conformal transformation w = 22, show that

on a. The coefficient of magnification at z = 2 + i is 21/5.
CONFORMAL b. The angle of rotation at z = 2+ is tan='(0.5).

TRANSFOR-
C1RTION c. The coefficient of magnification at z = 1 + i is 2v/2.
T

d. The angle of rotation at z =1+ is 1
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D,GK w = f(z) = 22
Prajapati — f/(z) — 22
LNJPIT, S f’(2 + 2) — 2(2 + z) =4 4+ 2.

Chapra
(a.) Coefficient of magnification at z =2+ is
TIOI‘Lf,(Q + 'L)| = |4 + 2i| = 2\/5.

o (b) Angle of rotation at z =2+ is
TRANSFOR-

2
MATION ampf'(2+1i) = (4 + 2i) = tan! <4) = tan~1(0.5).
and f'(1+4)=2(1+1i)=2+2i
(c) The coefficient of magnification at z =1+ is
/(44 =]2+42i=vEi+d=2V2
(d) The angle of rotation at z =1+ is
amp.f'(1+1i) =2+ 2i = tan™"
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