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Newton- Newton-Raphson method:
Raphson
method...

R Let a root of f(x) =0 lie in the interval (a,b). Let zy be an
Prajapati initial approximation to the root in this interval. The
T Newton-Raphson method to find this root is defined by
Chapra
f(xk’) . ’
ewton- Thtl = Tk — rovided f (xp 0
Newt: +1 f (:Uk;) p f( );é

Raphson
method:

This method is called the Newton-Raphson method or simply
the Newton’s method. The method is also called the
tangent method.
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Figure: Newton-Raphson
method
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Newton-
Raphson
method:

Perform four iterations of the Newton's method to find the
smallest positive root of the equation f(z) = 2% — 5z +1 = 0.

Solution: We have f(0) =1, f(1) = —3. Since, f(0)f(1) <0,
the smallest positive root lies in the interval (0,1). Applying
the Newton's method, we obtain

. _x_f(a:k)_ _CL‘%—E)xk—{—l_
223 — 1
ST k=0,1,2,..
3 —5
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Newton- Let g = 0.5. We have the following results.
aphson

method...

2z —1  2(0.5)%—1

Dr. GK. — — =0.176471,
Prajapati 1 3:1:% — 5 3(0.5)2 — 5
Chomra 20f —1 _ 200076471 1
To = = — U. )
Newton. 27 327 -5 3(0.176471)2 — 5
R
3 _ 2(0.201568)3 — 1
oy = 2221 2(0201568)° —1 _ o) ey

~ 3x3-5  3(0.201568)2 — 5

223 —1  2(0.201640,)% — 1

- = = 0.201640.
322 —5  3(0.201640,)% — 5

Zq

Therefore, the root correct to six decimal places is
x = 0.201640.
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Prjapat Using Newton-Raphson method solve xlog;, 2 = 12.34 with

o — 10.
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Solution: Here f(x) = xlog;yz — 12.34. Then

Newton- 1 .
Raphson f(x) =logygz + @ = log,o = + 0.434294. Applying the
Newton's method, we obtain
f(xk) Tk 10g10 Tk — 12.34

Thy1 = T — =xp —
[ (k)

(0.434294)wk +12.34

logyo 2% + 0.434294

log1o ok + 0.434294
k=0,1,2, ...
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Newton- Let 2o = 10. We have the following results.
Raphson

method.. (0.434294)z0 + 1234 (0.434294)(10) + 12.34
T = = =
Praiapas Y7 Togyowo + 0431294 logyy 10 + 0.434294
11.631465.
L(l?I'JrF:IT. (0.434294).%'1 +12.34
napra €To = —
> logyg a1 + 0.434294

Newton- 434294)(11.6314 12.34
Rap:s%r_r (0 3429 )( 63 65) t 3 = 11.594870.
method: 10g10(11631465) + 0434294

~(0.434294)x2 +12.34

"~ logyp@g + 0.434294
(0.434294)(11.594870) +12.34 11504854,

10g;0(11.594870) + 0.434294

We have |z3 — 22| = [11.594854 — 11.594870| = 0.000016.
Therefore, We may take x = 11.594854 as the root correct to

four decimal places.
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o ok Derive the Newton's method for finding 1/N, where N > 0.
Prajapati Hence, find 1/17, using the initial approximation as
(1) 0.05, (#) 0.15. Do the iterations converge
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. 1 1 i .
Solution: Let x = — = N = —. Define a function

Newton- N T

Raphson

1 1
method: f(z) = = — N so that f'(z) = ——. Applying the Newton’s
x €T

method, we obtain
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Newton-
Raphson

method... (i) With N =17, and 2y = 0.05, we obtain the sequence of

Dr. G.K. . .
Prajapati approximations

LNJPIT, x1 = 229 — Nad = 2(0.05) — 17(0.05)2 = 0.0575.

Chapra

Newton- 2y = 21y — Na? = 2(0.0575) — 17(0.0575)2 = 0.058794.

Raphson
method:

r3 = 2x9 — Na2 = 2(0.058794) — 17(0.058794)% = 0.058823.
T4 = 2x3 — No3 = 2(0.058823) — 17(0.058823)% = 0.058823.

Since, |x4 — x3] = 0, the iterations converge to the root. The
required root is 0.058823.

Dr. G.K. Prajapati LNJPIT, Chapra Newton-Raphson method...



Newton-
Raphson
method...

Dr. G.K.
Prajapati

LNJPIT,
Chapra

Newton-
Raphson
method:

(ii) With N =17, and zp = 0.15, we obtain the sequence of
approximations

71 = 279 — Nag = 2(0.15) — 17(0.15)? = —0.0825.
r9 = 2z — No? = 2(—0.0825.) — 17(—0.0825.)2 = —0.280706.

r3 = 279 — N22 = 2(—0.280706) — 17(—0.280706)? =
—1.900942.

T4 = 2x3 — N23 = 2(—1.900942) — 17(—1.900942)2 =
—65.23275.

We find that z, — —oo as k increases. Therefore, the
iterations diverge very fast. This shows the importance of
choosing a proper initial approximation.
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b Sk Derive the Newton's method for finding the ¢** root of a
positive number N, N1/4, where N > 0,q > 0. Hence,

LT, compute 171/3 correct to four decimal places, assuming the
initial approximation as xg = 2.

Newton-
Raphson

s Solution: Let z = N7 — N = 2. Define a function
f(x) = 27— N so that f'(z) = qz?~ . Applying the Newton's
method, we obtain

R (C/O NSNS St \
g , f () qza~!
-1 N
M k=0,1,2,

qui—t 7

Dr. G.K. Prajapati LNJPIT, Chapra Newton-Raphson method...



Newton-
Raphson
method...

Dr. G.K.
Prajapati

LNJPIT, For computing 17%/3, we have ¢ = 3 and N = 17. Hence, the
1apra
method becomes

Newton-
Raphson (3 — 1)1’2 =+ 17 i 2$2 + 17

method: Tht1 = = k; :0 1 2
—+ 3.%.2_1 3$z I )y Sy
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Newton- With xg = 2, we obtain the following results.
Raphson

method... _ ng + 17 _ 2(2)3 + 17

o — — = 2.75,
S 1T g3 3(2)2
LNJPIT, 223 + 17 2(2.75)3 + 17
Chapra — 1 e = 2.582645
T2 322 3(2.75)2 ’
Newton-
Raphson
method: 203 + 17 2(2.582645)% + 17 9 571339
T3 = = =<4
3 322 3(2.582645)2 ’
205 +17  2(2.571332)° + 1
gy = 2 AT 2QSTISST AT o g0

3r3  3(2.571332)2

Since, |x4 — x3] = |2.571282 — 2.571332| = 0.00005., We may
take x = 2.571282 as the required root correct to four decimal
places.
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